Product, Quotient and Chain Rules

.........................................................................

Rule 2: Product Rule

Suppose u and v are functions of x.
I y=uwv,

then ——=U—tv—.

In words:

First by the derivative of the second + second by the derivative of the first.
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If y = (% = 3x+ 2)(x* - 2), find d—z.

i l Solution:

Lt * Let u=x*-3x+2 and letv=x%>-2
e i |
e an &

B —=2x-3 P

i dx e dx
o]
, dy dv du
= ”a“’ﬁ; (product rule)

=(x? = 3x + 2)(2x) + (x%2 - 2)(2x - 3)
=2x3—6x2+4x +2x3 - 3x*-4x+6
=4x* - 9% + 6

Rule 3: Quotient Rule

Suppose u and v are functions of x.

@ If y=—

il vdu udv
i dy. 0% 0%
g then L .

i dx v

i

I

In words:

Bottom by the derivative of the top — Top by the derivative of the bottom
(Bottom)>
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X
Ify=
J x-2

dy
,ﬁnd-&x—.

Solution:

Letu=x and let v=x-2

_(x=2)(2x) - (1)
(x-2)*
Py L
e
x2-4x
" =)

Note: It is usual practice to simplify the top but not the bottom.

e R S B R TS

= (quotient rule)

Function of a function

When we write, for example, y = (x + 5)3, we say that y is a function of x.
If we let u = (x + 5), then y = 1, where 1 = (x + 5).

We say that y is a function u, and u is a function of x.

The new variable, u, is the link between the two expressions.

Rule 4: Chain Rule

Suppose u is a function of x.
If y=u"
du

n-1

then g—xz=nu P

The chain rule should be done in one step.
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Find i for each of the following:
3
. e 4 . =
i y=(x"-3x e
1 3
iy (lll) y= Ndx -3 (lv) y= (x2 + ;)
{ :
5 .
138 Solution:
: ,. i | » & 247 3 4 .u @
@ d;’ (x* - 3x) e =
1R a=4(x2-3x)3(2x—3) y=32x+5)"
f | dy i 25
1 = (8x - 12)(x* - 3%)° T 2eor )
i =6
e EpIY
:1 1\3
1 i (i) y=V4x-3 (iv) y= (x2 + ;)
R y=(4x-3)"?
: [ i dy y=(@x2+x7h3
1 2 =1 (4x-3) 74 ir
I} ‘} ;; .; dx - ; i 3+ x )% 2 —-x?)
8 = a2 2
@-3" Vix_3 =3(xz+£) (2,6__12_)
| X X
Often we have to deal with a combination of the product, quotient or chain rules.
i A R PR,
Find it @ y=xO-2 (@) y= ‘ i
dx o AT
Solution:
. ‘ i y=xV9-x?
y=x9 - )P
| e i d
E . ay = (1). 39 - xH)WH=2x) + (9 - xH) (1) (product rule and chain rule)
b : '
| :
i . (chain rule here)
T _x2(9 A, x2)—-1,"2 o (9 L xZ) 12
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M =

1-x 1/2
y_(1+x)

dy 1(1 —x)‘”z[(l +x)(1)-(1 —x)(l)}

dx 2\1+x (1+x)2
_1{1+x 2ray S ley
SOy (1+x)?
s 22
Iy )R

=1

AT )

chain rule followed by
the quotient rule

(&) -C)

| Exercise 12.2 =

d
In questions 1 to 6, use the product rule to find d_y :
%
1. y=Q2x+3)x-4)
4. y=(x+3)x?-6x+8)

d
In questions 7 to 12, use the quotient rule to find —d—i :

2 -1
7. y=3x+ 8. y=2x
x+1 x+3
b | 1-x
10, y= 11. y=
Y x2+1 - 2x—x?

A d

- In questions 13-18, use the chain rule to find d_y -
X

13, y=(3x+2)* 14. y=(x%+2x)°

1
17. y=——

16, y=dx+2 5%

g

?Fmda%if:

20. y =3x(x + 2)*
23, y=x\1+x?

» 19, y=x2(x+3)*
&

4
"22 y=x"2x+1

o

3. I S - ’x—f§ , find the value of £'(1).

-_ @

2. y=(x+5)(x*-3x+2) 3.
5. y=(5x*-3x)(x? - 5x) 6.

y=0Bx-4)(x*-2x+3)
y=0Bx3-2x2+H2x-1)

_3x—1
=D

9. v

- -6

12 y=x2+x—6

15. y=(2x*+1)°

1

V2x? —4x

18. y=

21. y =3x%2x + 3)?

x+1

X

1
26. If f(x) = /i—;—l , find the value of f'5).

24, y=






